Damage localisation based on structural characteristic deflection shapes (CDSs) or their spatial derivatives has been widely investigated due to their high sensitivity to local damage. Despite substantial advances in this kind of methods, several key problems must be addressed to boost their practical applications. This paper deals with three vital issues: their susceptibility to measurement noise, absence of baseline data on pristine structures, and their low effectiveness in identification of multiple damage. To tackle these problems, a statistical baseline-free multidamage identification method is proposed for plate-type structures. In this method, a Laplacian of Gaussian (LoG) filter is adopted to enhance the noise-robustness of the estimated curvatures of CDSs. Without the baseline data on pristine structures, a robust principal component analysis (PCA) is proposed to extract the damage-induced local features by using only the CDS curvatures of the damaged structure. Moreover, a robust multidamage index is defined, which has the capability of integrating the damage information of several CDSs. Finally, the feasibility and the effectiveness of LoG filter, robust PCA, and the proposed multidamage index are validated by using both numerical and experimental studies of plates with two damage zones. It is found that the two damage zones with only 10% thickness reduction can be accurately detected and localised by using the proposed multidamage identification method.
providing both global and local damage features. 4, 5 Generally, vibration-based methods can be categorised according to different criteria such as levels of damage identification, linear or nonlinear vibration responses, and whether using physicsbased models or not. [6] [7] [8] Generally speaking, there are fewer papers on damage identification of plates than of beams. Recently, damage identification in plates has attracted more attention. [9] [10] [11] [12] [13] [14] Instead of natural frequencies, structural characteristic deflection shapes (CDSs) or their spatial derivatives are commonly used to reveal the local damage features. [15] [16] [17] Here, CDSs refer to shape features that possess structural spatial deflection information such as mode shapes and operational deflection shapes. The fundamental idea behind this kind of methods is that CDSs or their spatial derivatives contain the damageinduced local shape singularities, which makes them more sensitive to damage than the traditional natural frequencybased methods. [18] [19] [20] Moreover, CDSs tend to be much more robust to environmental variability such as temperature or humidity, when compared with natural frequencies. Nevertheless, one disadvantage is that the acquisition of CDSs requires a relatively large number of measurement points. Experiments based on traditional accelerometers are timeconsuming, and it is hard to obtain sufficient spatial resolution for CDSs. With the advanced measurement devices such as scanning laser vibrometer (SLV) and full-field digital image correlation, mode shapes or operational deflection shapes are readily acquired at a high-spatial resolution within a short time. [21] [22] [23] [24] For CDS-based damage identification, the high-order derivatives of CDSs such as the curvature are more sensitive to damage, as they effectively amplify the damage-induced local structural changes. However, the estimation of CDS derivatives by using the finite difference method is vulnerable to measurement noise. 25, 26 To alleviate the effects of measurement noise on CDSs or their spatial derivatives, statistical approaches, smoothing techniques, or wavelet transform are typically used.
27-29
The CDS-or its spatial derivative-based damage identification can be either baseline-based or baseline-free. When the baseline data of the healthy state is available, Pandey et al. 30 demonstrated that the absolute changes in mode shape curvature before and after damage were an efficient damage indicator. Hu and Afzal 31 proposed a statistical algorithm for damage detection in timber beam structures using the differences of the curvature mode shapes before and after damage. Wahab and De Roeck 32 combined the curvature differences before and after damage of several modes for damage identification and this method was validated by localising damage in a real bridge. In practice, baseline data on pristine structures may not be available. In this case, advanced signal processing techniques are harnessed to examine the damage-induced local singularities of CDSs or their spatial derivatives of damaged structures. These advanced signal processing approaches can be classified into two categories. One category uses methods such as wavelet analysis, fractal dimension analysis, and Teager energy operator to reveal the sudden changes or peaks of CDSs or CDS spatial derivatives for damage localisation. 33 Cao et al. 34 investigated the application of complex-wavelet analysis of mode shape curvatures of beam-type structures for multicrack detection, and this method was verified to be noise robust and accurate. Xu et al. 27 improved the curvature mode shape estimation of plates by estimating an equivalent mode shape curvature using Mexican hat wavelet. Then, the Teager energy operator was applied to indicate the local singularities for damage localisation. The other category aims to construct the pseudo-CDSs or CDS spatial derivatives of the healthy state based on those of the damaged state via surrogate models or low-rank models. The basic idea is that the CDSs or their spatial derivatives of an intact plate are smooth or, when arranged into a matrix by following the measurement grid, possess a low-rank structure (which means that this is a low-rank matrix). Then, the differences between the original CDSs (or CDS spatial derivatives) and constructed CDSs (or CDS spatial derivatives) are used to indicate the damage. The advantage of this kind of methods is that the damage information of several CDSs can be combined effectively for a robust multidamage identification. Yoon et al. 35 extended the gapped smoothing method to the two-dimensional plates, and damage localisation was achieved by examining the singularities in mode shape curvatures. Xu and Zhu 9 applied a global polynomial fitting method to construct the mode shapes of the healthy state based on the mode shapes of the damaged state. Then the square of the differences between them was used to locate the damage. Yang et al. 36 investigated the low-rank modelling for damage identification in plates based on the simulated strain field. The damage detection results showed that it was feasible to localise the damage by using low-resolution strain measurements. For practical engineering structures, the baseline data on pristine structures is rarely available or hard to obtain. Moreover, the acquired CDSs in experiments are easily contaminated by measurement noise, and the evaluation of high-order CDS spatial derivatives further amplifies the noise effects. In addition, multidamage identification cannot be accomplished by using a single CDS, as a single CDS is just sensitive to damage at some regions while insensitive to damage at other regions. 37 To address these problems, a statistical baseline-free multidamage localisation method is proposed for robust damage identification in plates. Different with the baseline-free methods that directly use the sudden changes or peaks in CDSs or CDS spatial derivatives for damage localisation, the proposed method extracts the damage-induced local singularities in CDS curvatures of the damaged state. Furthermore, the extracted damage information of each CDS is normalised based on a statistical criterion before being integrated in the proposed multidamage index. The structure of this paper is outlined as follows. In Section 2, a multiscale approach, Laplacian of Gaussian (LoG) filter, is investigated to guarantee the noise robustness and accuracy of the estimated mode shape curvatures. Then, a robust principal component analysis (PCA) is employed to extract the damage-induced singularities of mode shape curvatures without requiring baseline data of the healthy state in Section 3. In Section 4, a robust multidamage localisation index is proposed for plate-type structures, which fairly incorporates the damage information of several modes. Numerical and experimental studies are conducted to validate the proposed baseline-free multidamage identification method in Section 5 and Section 6, respectively. Finally, some key conclusions are summarised in Section 7.
12 1 − υ 2 ð Þ is the plate's flexural rigidity with Young's modulus E, the thickness of the plate h, and the Poisson's ratio υ. w(x, y) is the plate displacement in the z direction. In the case of damage, the plate flexural rigidity D of damaged region normally decreases due to the reduction of Young's modulus E or the plate thickness h that caused by the presence of damage. For damage identification in plates, the curvatures of plate deflections are commonly utilised due to their higher sensitivity when compared with CDSs. Normally, the mode shape curvatures are approximated by the second-order partial derivatives due to the small slope assumption, which are estimated via the second-order central difference as
where Φ xx and Φ yy denote the second-order partial mode shape curvatures along x and y directions, respectively. d x and d y represent the grid distances along the x and y directions. It is worth noting that the second-order central difference method severely amplifies the effects of measurement noise, which degrades the effectiveness and accuracy of damage identification. 38 Hence, the reduction of measurement noise during curvature estimation should be addressed before damage identification. Multiscale approaches such as Gaussian smoothing and wavelet transform are able to process the original mode shape data at different scales. At a certain scale σ, the measurement noise and local shape details of the original mode shape will be suppressed, and the mode shape so processed becomes smooth. To smoothen the noisy mode shape Φ(x, y), Gaussian smoothing is applied, which convolves the mode shape Φ(x, y) with a Gaussian function at a certain scale σ. Moreover, the selection of the scale parameter value is calibrated with numerical simulations in Section 5.
where σ denotes the standard deviation of Gaussian function, ⨂ represents convolution operator, and g(x, y; σ) is a Gaussian function. For the two-dimensional applications, an isotropic Gaussian smoothing function is rotationally symmetric and has the form of g x; y;
Inspired by the blob detection in computer vision, the LoG is employed to enhance the mode shape curvature estimation and the associated damage identification accuracy of plate-type structures. 39 A blob represents a region of an image inside which some properties are constant or approximately constant. The Laplacian operator of L(x, y; σ) is used to implement the curvature estimation of mode shapes as
where
∂y 2 represents the Laplacian operator. Due to differentiation property of the convolution integral, the Laplacian of L(x, y; σ) is equivalent to convolving the original mode shape function Φ(x, y) with a LoG filter ∇ 2 g(x, y; σ), which is expressed as
Equation (5) indicates that the direct application of the second-order central difference approach to Φ(x, y) can be avoided by using a LoG filter. Furthermore, the effects of measurement noise on the mode shape curvature can be tuned by adjusting the scale parameter σ. In addition, the LoG filter in Equation (5) is written as
In this paper, the mean curvature
is used for damage identification because the sum of the curvatures along two Cartesian coordinate systems sharing the same origin is invariant, which is shown as
where x ′ − y ′ indicates a new coordinate system, and it has an angle θ from x − y coordinate system.
| LOW-RANK MODELS FOR DAMAGE IDENTIFICATION
Low-rank modelling refers to a group of methods that solve problems by using low-rank property of the original data. For instance, PCA is a well-known low-rank approach, which approximates the original dataset by using the first several principal components. Moreover, matrix completion and robust PCA are powerful approaches for low-rank matrix recovery. Matrix completion is typically used to recover a matrix based on a small number of observed entries, which could be applied to recover the missing data in experiments. Robust PCA can recover a low-dimensional subspace from grossly corrupted data whereas the traditional PCA is vulnerably affected by the gross errors in the original dataset.
40,41
| Principal component analysis
For plate-type structures, the mode shape and its curvature of a two-dimensional grid are represented by matrices Φ p and Φ ′′ p , respectively. The problem of decomposing Φ ′′ p d into a low-rank matrix L and a small perturbation matrix E is 
in whichU¼ u 1 ; u 2 ; ⋯; u n 1 ½ ∈ R n 1 ×n 1 and V¼ v 1 ; v 2 ; ⋯; v n 2 ½ ∈ R n 2 ×n 2 are the orthogonal matrices, and Σ ∈ R n 1 ×n 2 is a non-negative rectangular diagonal matrix with top n 2 rows containing singular values in a descending order: λ 1 ≥ λ 2 ≥ ⋯ ≥ λ n 2 ≥ 0 and all zeros for the other (n 1 − n 2 ) rows.
First, the singular values of Φ ′′ p d can be used to indicate the presence of damage. The reason is that the mode shape curvature of pristine structures could be approximated by the first several principal components while the damage increases the active principal components or rank of the mode shape curvature matrix. Figure 1 depicts the singular value plot of the 10th mode shape curvature of a plate in the cases of no damage and two damage zones with different damage severities, which demonstrates that there will be more large singular values when damage is present. However, it seems that the singular values are not very sensitive to the damage zones with different levels of severity at the same location. Second, it is possible to localise the damage using matrix E. 16 The approximation of Φ ′′ p is obtained by using the first several singular values k(k < n 2 ) and singular vectors.
where the diagonal entries of e Σ are comprised of the first k singular values and zeros for the others. Therefore, matrix E is determined as
In based on the numerical study component pursuit (PCP), outlier pursuit and iteratively reweighted least-squares. 42 According to PCP, the problem is expressed as
where ξ is a balance parameter, 
where the constraint in Equation (12) is relaxed as Φ 43 This PCP problem is addressed efficiently by convex optimisation algorithms and encouraging performance has been demonstrated on face images and background modelling. 44 In Equation (13), the minimisation of ‖L‖ * and ‖S‖ 1 implies that L is approximated by a low-rank subspace whereas the damage-caused mode shape curvature changes are contained in sparse matrix S. If rank(L) is too high, L will incorporate the damage features in its representation. If rank(L) is too low, some mode shape curvature features will appear in S, which will corrupt the damage identification procedure and even produce misleading identification results. Therefore, the balance parameter ξ should be chosen appropriately to well separate the low-rank and sparse matrices.
The challenging problem of applying robust PCA for damage identification is that robust PCA is normally used in the pixel domain based on images or videos. But the mode shape curvature Φ ′′ p d of a plate in this study is acquired from discrete measurement points by SLV. The spatial resolution of measurement points is much lower than an image, which increases the difficulties of applying robust PCA. Thus, the feasibility and the effectiveness of applying robust PCA to damage identification based on discrete mode shapes remain to be seen.
| ROBUST MULTIDAMAGE INDEX
With the estimated sparse matrix S, a robust multidamage index is proposed based on a statistical criterion. First, the value s ij associated with each measurement point is regarded as a random value realisation. Then, the normalised mode shape curvature difference is defined as
where s and σ s denote the mean value and standard deviation of all entries in S.
Normally, the outlier values of e S (large positive or negative values) are used to indicate the damage locations. To get rid of other smaller values of e S due to measurement noise, a robust damage localisation is conducted by testing a statistical hypothesis. The null hypothesis (H 0 ) is that the damage does not occur at the lth measurement point, and its alternative hypothesis H 1 states that the damage occurs at the lth measurement point. Thus, the damage localisation is to determine the confidence probability to accept H 1 or reject H 0 . 45 Simply, a threshold valuee s α=2 (α represents the percentile) can be selected, and the damage locations are determined as
In Equation (15) , the α value is determined according to the three-sigma limits of a normal distribution. For a pristine structure, the elements in the sparse matrix S mostly locate in the range of μ − 3σ e s ; μ þ 3σ e s h i , where μ(μ = 0) and σ e s σ e s ¼ 1 are the mean value and standard deviation of all the entries in the normalised e S. The outlier values located outside this range tend to be scattered over the plate surface. However, the presence of damage leads to more outlier values that locate outside μ − 3σ e s ; μ þ 3σ e s h i , which tend to be spatially close to each other around the damage.
Therefore, the outlier values that locate outside the three standard deviations from the mean (e s α=2 ¼ μ þ 3σ e s and α = 0.0027) are taken for damage localisation. 
For the curvatures of N r modes, a robust multidamage index is defined as
To demonstrate the concept of robust multidamage localisation, several mode shapes are used, as they are the representative structural CDSs. In practice, operational deflection shapes at several nonresonant frequencies can also be employed for robust damage identification. 
| NUMERICAL SIMULATIONS
where Φ r (x, y) denotes the rth mode shape with x and y indicating the location, e Φ r x; y ð Þ represents the noisy mode shape value, and n n is the normally distributed random white noise with a zero-mean value and a variance being 1. In addition, n level is the noise level range of [0, 1], and σ(Φ r (x, y)) indicates the standard variance of the rth mode shape.
In the following study, the 10th mode shape that is sensitive to the two damage locations of Numerical case 1 is first used to demonstrate the noise robustness of the estimated curvatures by LoG filter and the better damage localisation performance of robust PCA method. Then, the 10th mode shape is verified to be ineffective in the damage localisation of Numerical case 2, and hence, the integration of damage information of more than one mode (six modes in these particular cases) is proved to be necessary for a robust multidamage identification. Gaussian white noise of n level = 0.1% (signal to noise ratio (SNR) = 60.10 dB) is added to pollute the 10th mode shape of Numerical case 1. Then, the mean x-y curvature of the 10th mode shape is estimated by the second-order central difference approach and LoG filter with σ=1, 1.5, 2, respectively, which are displayed in Figure 3 . Figure 3 depicts that the second-order central difference approach is significantly affected by the measurement noise whereas LoG filter is good at processing the noisy mode shape. Second, by comparing Figure 3b with Figure 3d , it is apparent that the damage-induced shape singularities decrease when increasing the scale parameter σ. Thus, an appropriate scale parameter should be used to supress the measurement noise while keeping the damageinduced shape singularities. Here, σ = 1.5 is used to reduce the noise effects while keeping the effective damage information. The damage localisation results of Numerical case 1 by using traditional PCA and robust PCA are given in Figure 4 .
In Figure 4 , the pink rectangles indicate the actual damage areas. It is clear that the traditional PCA is unable to localise the two damage zones whereas the robust PCA is accurate in detecting the two damage locations. Then, the mean x-y curvature of the 10th mode shape is used to identify the two damage areas of Numerical case 2 via the robust PCA, and the damage localisation results are presented in Figure 5 . Figure 5 indicates that the two damage areas cannot be localised by using the 10th mode shape curvature, which shows that a single mode shape is not robust for multidamage localisation. Therefore, a robust multidamage localisation method should incorporate the damage information of several mode shapes together. To achieve this, mean x-y curvatures of the 10th to 15th mode shapes are used to evaluate the proposed robust damage index for the two numerical cases, and the damage localisation results are illustrated in Figure 6 . In addition, the mode shapes from 10th to 15th are contaminated by 0.1% Gaussian white noise before evaluating their mean x-y curvatures. In Figure 6 , the two damage zones with 10% thickness reduction of both numerical cases can be correctly localised, which demonstrates the effectiveness of the proposed multidamage index. 
| EXPERIMENTAL SET-UP AND ANALYSIS
In order to verify the robust mode shape curvature estimation approach and the proposed robust multidamage index in practical applications, cantilever aluminium plates with the same physical and geometrical properties as those used in the numerical study are tested. The experimental set-up is illustrated in Figure 7 . Ten percent of the thickness on the opposite side of the two damage areas marked as two small squares are cut off, and their position coordinates are given in Figure 2 . In addition, the plate is clamped on the left and excited by a shaker (LDS V406) on the right.
The vibration responses are measured by a PSV-500 SLV, and the measured zone is slightly smaller than the original plate dimensions to avoid the effects of boundaries. For example, the measurement zone is 0.326m × 0.219 m spanning from 0.0084 to 0.3334 m in the x direction and 0.0028 to 0.2218 m in the y direction for Experimental case 1 as given in Figure 9a .
To determine the resonant frequencies of the plate, a pseudorandom signal of 0-2,000 Hz is used to excite the plate, which is generated by the PSV-500 system. After the resonant frequencies are obtained from the frequency response function, the plate will be excited at a certain resonant frequency to acquire its associated mode shape data.
Take the Experimental case 1 for example, the 10th resonant frequency at 798 Hz is used to excite the plate, and the velocities of the measurement grid are acquired. The "FastScan" mode of PSV-500 is selected to measure the mode shape due to its fast acquisition efficiency. In this mode, the specific excitation frequency is set as 798 Hz, and the bandwidth of acquisition signal is set as 300 Hz. A wider bandwidth can speed up the measurement, whereas a narrow bandwidth will provide a better signal-to-noise ratio. For this experiment, 30 averages were used, and the total measurement time is around 30 min. In addition, 40 averages were also investigated, but it did not further enhance the measurement accuracy. Figure 10 presents the measured 10th mode shape, which is normalised with its value range of [−1, 1]. The mean x-y curvature of the 10th mode shape is shown in Figure 11 . Clearly, without denoise processing, it is hard to obtain useful information for damage identification as shown in Figure 11a . By applying the LoG filter, the estimated curvatures are much smoother. Nevertheless, they are still affected by the measurement noise. Apart from the scale parameter of the LoG filter, there is another important parameter that can be adjusted to reduce the measurement noise, which is the grid distance between two successive measurement points. During the data acquisition phase, the grid distance is determined by the measurement density. However, the grid distance of measurement points can be adjusted after data acquisition by interpolation approaches. Therefore, a relatively high measurement density is commonly used for data acquisition in experiments.
Here, in order to further enhance the noise robustness of experimental data, triangulation-based linear interpolation is adopted to increase the grid distance of measurement points. Originally, there are 141 × 95 measurement points covering the measurement zone. Now, based on these data, a 80 × 54 grid is assigned, and the mode shape value of each point is evaluated by the linear interpolation. For more information, please refer to the "griddata" function in MATLAB. After interpolation of the original data, the curvature is recalculated and presented in Figure 12 .
It demonstrates that by appropriately increasing the grid distance, the estimated curvatures tend to be less susceptible to the measurement noise and more sensitive to damage. Now, with the estimated noise robust mode shape curvature, the proposed robust multidamage identification approach based on robust PCA is implemented for accurate damage localisation, and the results are given in Figure 13 .
It can be seen that the 10th mode shape is unable to identify the two damage positions of Experimental case 2. To overcome this shortcoming, more mode shapes should be used to provide sensitive and effective damage localisation spanning all the measured zone. To demonstrate this idea, the damage information of the 10th and 13th mode shapes is combined to form a robust multidamage index, and the damage localisation results for two exerpimental cases based on robust PCA are presented in Figure 14 . 
FIGURE 10
The normalised 10th mode shape of Experimental case 1
It is clear that the multidamage index based on the 10th and 13th mode shapes is robust and able to localise the two damage zones of both experimental cases. However, in practical applications, the damage information is not known in advance, and more mode shapes should be incorporated in the multidamage index, which is a central idea of the presented method.
| CONCLUSIONS
In this paper, a baseline-free multidamage identification method is proposed by evaluating the local damage-induced structural property changes in plate-type structures. It is a data-driven approach, and the low-rank structure of mode shape curvatures is used for damage detection and localisation without requiring the theoretical model and baseline information of the structures. Moreover, investigations are carried out in three aspects to boost its efficiency and effectiveness, which are robust curvature estimation, robust damage feature extraction, and robust multidamage localisation index.
Two numerical case studies of a plate with two damage areas coded in MATLAB are used to assess the performance of the proposed baseline-free multidamage identification method under idealised conditions. Moreover, Gaussian white noise is added to contaminate the mode shape data in numerical studies to simulate the practical measurement noise. Experimental studies of plates with two damage areas identical to the plate in the numerical simulations are also tested to experimentally validate the proposed baseline-free multidamage identification method. Finally, the major conclusions are summarised as follows: a. The LoG filter is demonstrated to be much more noise robust in curvature estimation when compared with the traditional second-order central difference method. b. The robust PCA is shown to be much more effective in extracting damage-induced local shape singularities than the traditional PCA. c. The proposed multidamage index is proved to be sensitive to damage at various possible locations when the damage information of several modes is used. d. Apart from the scale parameter of LoG filter, the distance between adjacent measurement points can also be tuned to reduce the effects of measurement noise.
